We explore the spatial frequency property of the far-field diffraction intensity pattern of an optical vortex after passing through an annular aperture in detail. The result reveals that the spatial spectrum consists of alternate bright and dark rings and, in particular, the number of the bright rings is nicely identical to the absolute value of the topological charge. Based on this property, we present and demonstrate a simple technique to characterize the topological charge of an optical vortex through its diffraction intensity pattern after an annular aperture. © 2009 Optical Society of America OCIS codes: 260.6042, 050.4865, 270.5585. As is well known, a photon can carry both spin and orbital angular momenta. The orbital angular momentum (OAM) is associated with the phase distribution of the form exp͑il͒. Such a field has an on-axis singularity, resulting in a central dark point in the intensity profile. Each photon carries an OAM of lប [1] , where l is often called as the topological charge (TC) of the optical vortex. Over the past years, considerable attention has been paid to the research of the OAM properties, since it has applications in widespread fields such as quantum optics information processing [2-5], free-space communications [6] , and optical micromanipulations [7, 8] . Characterizing the OAM state or the TC value of an optical vortex becomes a task of great significance. In principle, determining the TC value needs information of the wave front [9] or the phase distribution [10] . A commonly used technique is to interfere the measured wave front with its mirror image [11, 12] or a uniform wave front, in which case the interferograms reveal the TC value of the measured optical vortex. Some other interferometric methods have also been proposed for this purpose [13] [14] [15] [16] [17] . For example, Leach et al. proposed a method based on a Mach-Zehnder interferometer with a Dove prism placed in each arm [13, 14] , Sztul et al. showed that a double-slit interference can be used to determine the helical phase structure of a given wave front [15, 16] , and Berkhout and Beijersbergen pioneered a multiple pinhole interferometer to probe the OAM state of the measured optical vortex [17] . However, these methods are often involved with a complicated interferometric setup or unexpected complexity of interferometric patterns. In a different approach, the OAM state of a vortex can also be determined by the use of a computer-generated hologram (CGH) in combination with a pinhole [18] .
As is well known, a photon can carry both spin and orbital angular momenta. The orbital angular momentum (OAM) is associated with the phase distribution of the form exp͑il͒. Such a field has an on-axis singularity, resulting in a central dark point in the intensity profile. Each photon carries an OAM of lប [1] , where l is often called as the topological charge (TC) of the optical vortex. Over the past years, considerable attention has been paid to the research of the OAM properties, since it has applications in widespread fields such as quantum optics information processing [2] [3] [4] [5] , free-space communications [6] , and optical micromanipulations [7, 8] . Characterizing the OAM state or the TC value of an optical vortex becomes a task of great significance.
In principle, determining the TC value needs information of the wave front [9] or the phase distribution [10] . A commonly used technique is to interfere the measured wave front with its mirror image [11, 12] or a uniform wave front, in which case the interferograms reveal the TC value of the measured optical vortex. Some other interferometric methods have also been proposed for this purpose [13] [14] [15] [16] [17] . For example, Leach et al. proposed a method based on a Mach-Zehnder interferometer with a Dove prism placed in each arm [13, 14] , Sztul et al. showed that a double-slit interference can be used to determine the helical phase structure of a given wave front [15, 16] , and Berkhout and Beijersbergen pioneered a multiple pinhole interferometer to probe the OAM state of the measured optical vortex [17] . However, these methods are often involved with a complicated interferometric setup or unexpected complexity of interferometric patterns. In a different approach, the OAM state of a vortex can also be determined by the use of a computer-generated hologram (CGH) in combination with a pinhole [18] .
In this Letter, we report an interesting property of the spatial spectrum (that is, the Fourier transform) of the far-field diffraction intensity pattern of the optical vortex after passing through an annular aperture. Based on this property we propose a simple method for measuring the TC value of an optical vortex. We demonstrated that the number of the bright rings in the intensity distribution of the spatial spectrum is just equal to the TC value of the measured optical vortex. Figure 1 shows the schematic of the experimental setup for recording a far-field diffraction intensity pattern of the optical vortex after passing through an annular aperture placed at the front focal plane of a Fourier lens. When an optical vortex with TC= l illuminates the annular aperture, the complex amplitude of the wave passing through the annulus aperture can be expressed as
where circ͑r / R͒ is the transmittance function of a circular aperture with the radius of R. The diffraction intensity distribution in the rear focal plane of the Fourier lens can be written as
where F denotes the Fourier transform operator, J l ͑r͒ is the lth order Bessel function of the first kind, and I 0 is an integral constant. The intensity I͑͒ ex- pressed by Eq. (2) can be recorded by an image sensor located at the rear focal plane. After recording the intensity distribution described in Eq. (2), we can further calculate its Fourier transform and get its spatial frequency as follows:
From Eq. (3) we can see that this spatial frequency is dependent on the TC value. In general, however, it is difficult to get an analytical relation through directly integrating Eq. (3). To simplify the theoretical analysis, we suppose that the annular width ⌬R = R a − R b is relatively small, i.e., R b Ϸ R a = R. In this situation, the intensity I͑͒ approximates to the square modulus of a Bessel beam J l ͑r͒. According to the Fourier transform property of the lth order Bessel beam, Eq. (3) can be simplified as
where ␦͑r − R͒ is the radial delta function (nonzero at r = R only), is the autocorrelation operator, and C is a constant. Equation (4) quantitatively reveals the influence of the TC value on the spatial spectrum.
To further visualize the relationship between the spatial spectrum pattern and the TC value of the measured optical vortex, Figs. 2(a) and 2(b) give the pictures of the two-dimensional intensity distribution of the spatial spectrum expressed by Eq. (4) when the TC values of the input optical vortex are taken as l = 2 and 5, respectively. We can see that the intensity distribution of the spatial spectrum consists of a central bright spot and some alternate bright and dark rings. The radius of the mth bright ring, for example, can be determined by r m = 2R sin͑m/2l͒, m = 1,2,3, . . . ,͉l͉. ͑5͒
It is obvious that the number of the bright rings is just equal to the absolute TC value. In fact, this clear relationship provides us with a simple method to measure the TC value of an optical vortex using an annular aperture. This method can be implemented as follows: (A) let the measured optical vortex pass through an annular aperture as shown in Fig. 1, (B) record the far-field diffraction intensity pattern of the wave front passing through the annular aperture, (C) calculate the spatial spectrum of the recorded intensity distribution, and (D) determine the TC value by extracting the number of the bright rings on the intensity spatial spectrum. We carried out some experiments to demonstrate the method described above. The experimental setup is shown in Fig. 1 . The measured optical vortex was generated by a CGH displayed on a liquid-crystal spatial light modulator (LC-SLM) and illuminated by a laser beam with the wavelength of 632.8 nm. An annular aperture with the diameter of about 4 mm and with the annular width of about 0.1 mm is placed at the front focal plane of a Fourier lens with the focal length of 240 mm. The far-field diffraction intensity patterns are recorded by a CCD camera with the pixel size of 6.7 m ϫ 6.7 m. used in our experiments has an unignored annular width. Our further experiments with different annular widths show that the intensity of the central zeroorder spot will greatly increase with the annular width, whereas the intensity of the higher-order rings will gradually decrease with the annular width. And the maximal TC that can be measured by the method is also limited by the adopted annular width in real experiments. This is because the minimal interval of the bright rings is approximately equal to ⌬r min =4R sin 2 ͑ /4l͒ [derived from Eq. (5)], which will largely decrease with the measured TC. When the annular width ⌬R is larger than this minimal interval ⌬r min , the intensity of the outermost ring will become too dark to measure because of an integral effect over the annular aperture. In our experiments, the annular width is taken as ⌬R Ϸ 1 mm, and the maximal measured TC is l max = 9, that is, the outermost ring will be confused by the noise background when the TC is larger than 9. It is noticeable, however, that all other bright rings except the outermost ring keep a high contrast until the TC of the measured vortex increases to 13.
In principle, we could extend the range of the measured TCs by using an annular aperture with a larger radius R. However, a larger radius R will lead to a larger bandwidth of the diffraction intensity patterns. According to the Nyquist-Shannon sampling theorem, the pixel size ⌬ of the CCD camera must satisfy the condition of ⌬Յf /4R, that is, a smaller pixel size is required for a larger radius R. In our experiments, the parameters are taken as = 632.8 nm, f = 240 mm, R = 2 mm, and ⌬ = 6.7 m. Obviously, the sampling effect performed by the CCD camera in our experiments could be ignored.
Another difference between the experimental and theoretical results is that the inner bright rings in experimental results shown in Figs. 3(c) and 3(d) are elongated ellipses, rather than ideal rounds as shown in Figs. 2(a) and 2(b) . This is because the phase singular point of the measured optical vortex is not perfectly on axis in our real experiments. The further experiments showed that, even if the phase singular point of the measured optical vortex is off axis, the TC value of the measured vortex can still be distinguished clearly using our method as long as the singular point is surrounded with the annular aperture. Although the shapes of the bright rings evolve into some elongated ellipses in this situation, the number of the bright rings is still equal to the TC value. And the eccentricity of the ellipses and the orientation of the major axis depend on the coordinates of the singular point of the measured optical vortex relative to the central point of the annular aperture. Therefore, it is also possible to quantitatively determine the position of the singular point according to the eccentricity of the ellipses and the orientation of the major axis at the same time.
In conclusion, we proved theoretically and experimentally that the spatial spectrum of the far-field diffraction intensity pattern of an optical vortex after passing through an annular aperture comprises some bright and dark rings, and the number of the bright rings is just equal to the TC value of the measured optical vortex. Based on this property, we demonstrated a simple method to quantitatively determine the TC value of the optical vortex using its diffraction intensity pattern after an annular aperture. This method does not need complicated interferometric setup nor requires any phase retrieving algorithm. In addition, the method also has some advantages in measuring optical vortices with a large TC value, which could be useful in some applications of optical vortices such as in quantum information processing and astronomical applications.
